K2 of finite abelian group algebras  by Gao, Yubin & Tang, Guoping
Journal of Pure and Applied Algebra 213 (2009) 1201–1207
Contents lists available at ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
K2 of finite abelian group algebras
Yubin Gao, Guoping Tang ∗
School of Mathematical Sciences, Graduate University of Chinese Academy of Sciences, Beijing 100049, China
a r t i c l e i n f o
Article history:
Received 3 March 2008
Received in revised form 4 September 2008
Available online 6 February 2009
Communicated by C.A. Weibel
a b s t r a c t
In this paper, we represent K2(F [G × Zp]) as the direct sum of K2(FG) and an elementary
abelian p-group; using this we calculate K2(FG) when F is a finite field of odd prime
characteristic and G is a finite abelian group of p2-rank ≤1. We also compute H1DR(FG)
if F is a finite field of odd characteristic p and G is a finite abelian p-group.
© 2009 Published by Elsevier B.V.
1. Introduction
Let F be a finite field of characteristic p and G a finite abelian group. A general formula for K2(FG) has been given in [7],
Theorem 6.7; it is the quotient of G⊗ AG with A the unramified p-ring such that F ≈ A/p. An upper bound for the order of
K2(FG) was also given in [7]. However, it is not easy to determine the structure of K2(FG) directly from this quotient, even
its precise order. The result of Dennis and Stein in [6] (Corollary 4.4(a)) implies that for a cyclic group Cn, K2(FCn) = 1. For
an elementary abelian p-group G, Dennis, Keating and Stein [1] proved that K2(FG) is an elementary abelian p-group whose
precise rank is also given. InMagurn [2], when F is a characteristic 2, K2(F [G×Z2]) is isomorphic to the direct sum of K2(FG)
and an elementary abelian 2-groupwhose rank is determined. Using this result, Magurn calculated K2(FG)when G is a finite
abelian group with 4-rank≤1 and F is of characteristic 2. In Section 3 of this paper, we extend Magurn’s results to the case
when p is an odd prime. In Section 4, it will be shown that to get the precise order of K2(FG), the only thing we need to know
is the orders of kernels ofΩ1FG/Z → K2(FG[t]/(tk), (t)), k ≡ 1 mod p, k > p, where F is of odd characteristic p,G is a finite
abelian p-group. We determine the de Rham cohomology group H1DR(FG) for arbitrary abelian p-groups G, and show how
this cohomology group can be used to compute the above kernels in case G is an elementary abelian p-group.
2. Preliminaries
Suppose k is a commutative ring, A is a k-algebra, for an A-module M , a k-derivation from A to M is a k-linear map d:
A→ M such that
d(ab) = (da)b+ a(db), (a, b ∈ A).
The set of all such derivations Derk(A,M) is an A-module, which is functorial inM . A universal k-derivation d : A→ Ω1A/k
is defined by takingΩ1A/k to be the A-module defined by generators da (a ∈ A), and relations
d(ab) = adb+ bda, d(a+ b) = da+ dba, b ∈ A, as well as dc = 0, c ∈ k.
Ω1A/K is called Kähler differentials of A over k and the universality is expressed by the natural isomorphism
HomA-mod(Ω1A/K ,M)→ Derk(A,M) sending f to f ◦ d.
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The algebra of differential forms over an algebra A is the exterior algebra Ω∗A/K =
⊕
qΩ
q
A/K ,Ω
q
A/K = ∧qAΩ1A/K , any
element of ΩqA is called a differential form of degree q. The morphism d : Ω∗A/K → Ω∗A/K of degree +1, defined by
d(a0da1 · · · daq) = da0da1 · · · daq, changes (Ω∗A/K , d) into a complex. (Ω∗A/K , d) is called the de Rham complex of A and
the cohomology algebra H∗DR(A) is called the de Rham cohomology of A over k.
Let R be a commutative ring with identity.Φi(R) (i ≥ 2) is defined by the following exact sequence in [1],
1→ Φi(R)→ K2(R[t]/(t i))→ K2(R[t]/(t i−1))→ 1.
The following theorem is due to Bloch [5].
Theorem 2.1. If R is a commutative local Fp-algebra and p is odd, then
Φi(R) ≈
{
Ω1R/Z i 6≡ 0, 1 mod p,
Ω1R/Z ⊕ R/Rp
r
i = mpr , (p,m) = 1, r = 1.
Note that there are no formulas forΦk(R)when k ≡ 1 mod p. In fact it is very difficult to determine them.
The following result of Magurn [2] gives the structure ofΩ1FG/Z .
Theorem 2.2. Suppose F is a finite field of characteristic p, G is a finite abelian group, and a¯1, . . . , a¯r is an Fp-basis of G/Gp, then
Ω1FG/Z is a free FG-module with basis da1, . . . , dar .
When R is a commutative ring with identity and I is a radical ideal, K2(R, I) is the abelian group which has a presentation
with generators the Dennis–Stein symbols 〈a, b〉 for every (a, b) ∈ R× I ∪ I × R and the following relations
(D1) 〈a, b〉 = −〈b, a〉 if a ∈ I;
(D2) 〈a, b〉 + 〈a, c〉 = 〈a, b+ c − abc〉 if a ∈ I or b, c ∈ I;
(D3) 〈a, bc〉 = 〈ab, c〉 + 〈ac, b〉 if a ∈ I.
Let R˜ be a ring containing R. If a ∈ I and b ∈ R∩ R˜∗, then the image of 〈a, b〉 under the map K2(R, I)→ K2(˜R) is the Steinberg
symbol {1− ab, b}; One can consult [3] to see more about Dennis–Stein symbols.
3. Adding Zp summands to G
Suppose F is a finite field of characteristic p, G is a finite abelian group, and Zpr = 〈σ 〉 is a cyclic group of order pr . Let
A = F [G× Zpr ]. Then there is a partial augmentationmap ε : A→ F [G] sending σ to 1; the kernel of ε is I = (1−σ)A. Since
ε is a split surjective map and Kn are functors, we have a split exact sequence which is just a part of the long exact sequence
in K -theory with respect to the pair (A, I) :
1→ K2(A, I)→ K2(A)→ K2(FG)→ 1.
So obviously K2(A) ≈ K2(FG)⊕ K2(A, I). From the isomorphisms
A ≈ FG[t]/(tpr − 1) ≈ FG[t]/(tpr ),
it follows that K2(A, I) ≈ K2(FG[t]/(tpr ), (t)); thus
K2(F [G× Zpr ]) ≈ K2(FG)⊕ K2(FG[t]/(tpr ), (t)). (3.1)
Theorem 3.1. Suppose F is a finite field of characteristic p, G is a finite abelian group whose Sylow p-subgroups is Gp, then K2(FG)
is a finite p-group annihilated by the exponent of Gp.
Proof. DecomposeG as the direct sumGp⊕H withGP the Sylow p-subgroup ofG. BYMaschke’s Theorem, FH is a semisimple
ring. Then the Wedderburn–Artin Theorem implies that FH ≈ ⊕i Fi, where Fi is a finite field with the same characteristic
as F . Now FG ≈ (FH)[Gp] ≈⊕i FiGp and K2(FG) ≈⊕i K2(FiGp).
Decompose Gp as a finite direct sum of cyclic p-groups. Gp ≈ Cpl1 ⊕ · · · ⊕ Cplr , where pl1 ≤ · · · ≤ plr . Let Rij =
Fi[C l1p ⊕ · · · ⊕ C ljp ], 1 ≤ j ≤ r . Using (3.1) we get the following isomorphism
K2(FiGp) ≈
r−1⊕
j=1
K2(Rij[t]/(tp
lj+1
), (t))
⊕
K2(FiCpl1 ).
The last summand vanishes; and K2(Rij[t]/(tplj+1 ), (t)) has exponent plj+1 since it is generated by 〈a, b〉 with a ∈ (t), and
plj+1〈a, b〉 = 〈aplj+1 bplj+1−1, b〉 = 〈0, b〉 = 0 since aplj+1 ∈ (tplj+1 ). Thus K2(FiGp) has exponent plr and accordingly K2(FG) is
a p-group with exponent plr . 
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When FG is not a local Fp-algebra, one cannot use Theorem 2.5 directly to computeΦi(FG), In order to bemore convenient
in concrete calculation, we partially extend Theorem 2.1 to the form we need.
Theorem 3.2. Suppose F is a finite field of odd prime characteristic and G is a finite abelian group and R = FG. Then Bloch’s
calculation still works for FG:
Φi(FG) ≈
{
Ω1FG/Z i 6≡ 0, 1 mod p,
Ω1FG/Z ⊕ R/Rp
r
i = mpr , (p,m) = 1, r = 1.
Proof. As in the proof of Theorem3.1, FG ≈⊕j FjGp, whereGp is the Sylow p-subgroupofG and Fj has the same characteristic
as F . Say Gp ≈ Cpl1 ⊕ · · · ⊕ Cplr = 〈g1〉 × · · · × 〈gr〉. By the definition of Φi we have Φi(FG) ≈
⊕
jΦi(FjGp). Since FjGp is a
local Fp-algebra, then by Theorem 2.1
Φi(FjGp) ≈
{
Ω1FjGp/Z i 6≡ 0, 1 mod p,
Ω1FjGp/Z ⊕ FjGp/(FjGp)p
r
i = mpr(p,m) = 1, r = 1.
By Theorem 2.2,Ω1FG/Z is a free FG-module with basis dg1, . . . , dgr ,Ω
1
FjGp/Z
is a free FjGp-module with basis dg1, . . . , dgr , so
Ω1FG/Z ≈
⊕
jΩ
1
FjGp/Z
as abelian groups. Obviously FG/(FG)p ≈⊕j(FjGp)/(FjGp)pr , the theorem now follows. 
The following theorem and corollary extend the results of Magurn [2] (Theorems 4 and 5) to the case when p is an odd
prime.
Theorem 3.3. Suppose F is finite field with pf elements, p is an odd prime, G is a finite abelian group of order n, and r is the
dimension of the Fp-space G/Gp. Then
K2(F [G× Zp]) ≈ K2(FG)⊕ Zpfn(1−
1
pr +(p−1)r).
Proof. By (3.1) we have the following isomorphism
K2(F [G× Zp]) ≈ K2(FG)⊕ K2(FG[t]/(tp), (t)).
Since p〈a, b〉 = 〈apbp−1, b〉, K2(FG[t]/(tp), (t)) is an elementary abelian p-group. By the isomorphism F [G×Zp] ≈ FG[Zp] ≈
FG[t]/(tp) and the exact sequence
1→ Φi(FG)→ K2(FG[t]/(t i))→ K2(FG[t]/(t i−1))→ 1, 2 ≤ i ≤ p,
we have
|K2(FG[t]/(tp), (t))| =
p∏
i=2
|Φi(FG)|.
By Theorem 3.2, Φi(FG) ≈ Ω1FG/Z, 2 ≤ i < p,Φp(FG) ≈ Ω1FG/Z ⊕ FG/(FG)p. Ω1FG/Z is a free FG-module of rank r , so it
has rank nfr as an Fp-vector space. The group G has pr pth power classes, so there are n(1 − 1pr ) elements of G that are not
elements of Gp, hence FG/F [Gp] has Fp-dimension nf (1− 1pr ). Thus
dimFp(K2(FG[t]/(tp), (t))) = (p− 1)nfr + nf
(
1− 1
pr
)
= nf
(
1− 1
pr
+ (p− 1)r
)
.
The theorem now follows. 
Corollary 3.4. Suppose F is a finite field with pf elements, and G is a finite abelian group of order n with p-rank t, p2-rank ≤ 1,
then
K2(FG) ≈ Znf (t−1)(pt−1)/ptp .
Proof. If p = 2, the theorem is just Theorem 5 in [2]; If p is an odd prime, repeated use of Theorem 3.3 yields the result.
Since the process has been shown in Theorem 5 in [2], we omit the details. 
Example 1. A direct use of Theorem 3.4 yields K2(F5[Z5 × Z5 × Z25 × Z6]) ≈ Z74405 .
1204 Y. Gao, G. Tang / Journal of Pure and Applied Algebra 213 (2009) 1201–1207
4. The order of K2(FqG)
Suppose F is a finite field of odd prime characteristic p and G is a finite abelian group. By the definition of Φi(R) and the
isomorphism F [G× Zps ] ≈ FG[t]/(tps), we have
|K2(F [G× Zps ])| = |K2(FG)| ·
ps∏
i=2
|Φi(FG)|.
When i 6≡ 1 mod p, the order of Φi(FG) can be determined by Theorem 3.2. When i ≡ 1 mod p, it is very difficult to
determine the precise order ofΦi(FG). We have the following commutative diagram, let R = FG.
1 −→ K2(R[t]/(tmpr+1), (t)) f−−→ K2(R[t]/(tmpr+1)) −→ K2(R) −→ 1y y y
1 −→ K2(R[t]/(tmpr ), (t)) −→ K2(R[t]/(tmpr )) −→ K2(R) −→ 1.
Wewill use the injectivity of f to determine whether a Dennis–Stein symbol is trivial in K2(R[t]/(tmpr+1), (t)). By (1.6) and
(1.10) in [3], we have the following exact sequences
Ω1R/Z
ϕm,r−−→ K2(R[t]/(tmpr+1), (t))→ K2(R[t]/(tmpr ), (t))→ 1,
where ϕm,r(adb) = 〈atmpr , b〉. So we haveΦmpr+1(FG) ≈ Ω1FG/Z/Kerϕm,r . If we can determine orders of all Kerϕm,r then we
can get the order of K2(FG). By the facts in the proof in Theorem 3.1, we only need to deal with the case when G is a finite
abelian p-group.
When R is a regular ring, essentially of finite type over a field of positive characteristic p > 0, by Theorem 2.5 in [3],
Kerϕm,r depends only on r and is the subgroup Dr,R ofΩ1R/Z generated by {apl−1da|0 ≤ l < r, a ∈ R}. When R is not regular,
for example R = FG, where F is a finite field of characteristic p and G is a finite abelian p-group, by the computations in
Lemma 1.10 in [3], Kerϕm,r still contains Dr,R but does not coincide in general. Here is an example.
Example 2. Suppose R = F3[Z3 × Z3],Z3 × Z3 = 〈σ 〉 × 〈τ 〉. Then by Theorem 2.2, Ω1R/Z is the free R-module with basis
dσ , dτ . Putm = 1, p = 3, r = 1, we have
Ω1R/Z
ϕ→ K2(R[t]/(t4), (t)) f→ K2(R[t]/(t4)).
By the definition D1,R = 〈apl−1da|0 ≤ l < 1〉 = 〈da|a ∈ R〉. An easy computation shows that D1,R is the F3-space with basis
{dσ , dτ , σdσ , τdτ , τdσ +σdτ , 2στdσ +σ 2dτ , 2στdτ + τ 2dσ , τσ 2dτ +στ 2dσ }. Obviously σ 2dσ , τ 2dτ 6∈ D1,R. However
f ◦ ϕ(σ 2dσ) = f (〈σ 2t3, σ 〉) = {1− σ 3t3, σ } = {(1− t)3, σ } = {1− t, σ 3} = 1.
Similarly, f ◦ ϕ(τ 2dτ) = 1. Since f is an injective map, ϕ(σ 2dσ) = ϕ(τ 2dτ) = 1. Then σ 2dσ , τ 2dτ ∈ Kerϕ. Hence
Kerϕ % D1,R.
Theorem 4.1. Suppose R = FG, F is a finite field of odd characteristic p and G is a finite abelian group. Let A = R[t]/(tmpr+1)
with r ≥ 1, (m, p) = 1. If a1, . . . , as is the Fp-basis of G/Gp, As is the free A-module with generators da1, . . . , das, then there is
a map K2(A, (t))
f→ ∧2A(As).
Proof. First we consider the test map
d log : K2(A, (t))→ ∧2AΩ1A/Z
〈a, b〉 7→ da ∧ db
1− ab .
Let D : A→ Ω1R/Z⊗R A be defined by applying the derivative d : R→ Ω1R/Z to each coefficient, then according to Section 2
of [4], there is an A-module isomorphism
Ω1A/Z ≈ Ω1A/R ⊕ (Ω1R/Z⊗R A)
df 7→
(
∂ f
∂t
dt,Df
)
.
Then ∧2AΩ1A/Z ≈ ∧2AΩ1A/R ⊕ (Ω1A/R⊗A(Ω1R/Z⊗R A)) ⊕ ∧2A(Ω1R/Z⊗R A), and by Theorem 2.2, Ω1R/Z is a free R-module with
generators da1, . . . , dar , soΩ1R/Z⊗R A is a free A-modules with the same generators, now
K2(A, (t))
d log−−→ ∧2AΩ1A/Z
pi3−→ ∧2A(Ω1R/Z⊗R A)
ψ→ ∧2A As.
The f = ψ ◦ pi3 ◦ d log is the map we want to obtain. 
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Let R be as above, ∧∗RΩ1R/Z the algebra of differential forms over R, (∧∗RΩ1R/Z, d) the de Rham complex of R, and H∗DR(R)
the de Rham cohomology of R.
Corollary 4.2. Let A, R and f be as above, ϕmr :Ω1R/Z → K2(A, (t)), then the cocycle Z1 of the de Rham complex (∧∗RΩ1R/Z, d) is
equal to the Ker(f ◦ ϕm,r).
Proof. By the definition, f ◦ ϕm,r is the composite of the following maps
Ω1R/Z
ϕm,r−−→ K2(A, (t)) d log−−→ ∧2AΩ1A/Z
pi3−→ ∧2A(Ω1R/Z⊗R A)
ψ→∧2A(As)
where f ◦ ϕm,r(adb) = ψ ◦ pi3 ◦ d log(〈atmpr , b〉) = ψ ◦ pi3( d(atmp
r
)∧db
1−abtmpr ) = ψ(tmp
r
(da ⊗ 1) ∧ (db ⊗ 1)) = tmpr da ∧ db. By
Theorem 2.2,Ω1R/Z is the free R-module with basis da1, . . . , das, henceΩ
2
R/Z is the free R-module with basis dai ∧ daj, 1 ≤
i < j ≤ s, and ∧2A As is a free A-module with the same generators. Define an R-homomorphism g : Ω2R/Z → ∧2A As
by g(da ∧ db) = tmpr da ∧ db, obviously g is injective. The g ◦ d1 is a homomorphism Ω1R/Z → ∧2A As such that
g ◦ d1(adb) = tmpr da ∧ db = f ◦ ϕm,r(adb). Hence g ◦ d1 = f ◦ ϕm,r . Since g is an injective map, we have Ker(f ◦ ϕm,r) =
Ker(g ◦ d1) = Ker d1 = Z1. 
Theorem 4.3. Suppose F is a finite field of odd prime characteristic p, G is a finite abelian p-group with cyclic decomposition
G = 〈x1〉 × · · · × 〈xn〉, ord(xi) = pli , 1 ≤ i ≤ n. Let Gi = ∏j6=i〈xj〉. Then H1DR(FG) is an F-space with basis S = {gxjidxi|1 ≤ i ≤
n, 0 ≤ j < pli , j ≡ −1 mod p, g ∈ Gpi }.
Proof. If T =∑ fα1,...,αnXα11 · · · Xαnn ∈ F [X1, . . . , Xn], the polynomial ring in X1, . . . , Xn over F , the formal partial derivative
∂T
∂Xi
is defined by
∂T
∂Xi
=
∑
αifα1,...,αnX
α1
1 · · · Xαi−1i · · · Xαnn .
If x ∈ FG, then x = H(x1, . . . , xn) for some polynomial H(X1, . . . , Xn) in F [X1, . . . , Xn], thus dx =∑ni=1 ∂H∂Xi (x1, . . . , xn)dxi ∈
Ω1FG/Z. By Theorem 2.2,Ω
1
FG/Z is a free FG-module with basis dx1, . . . , dxn. If v ∈ Ω1FG/Z, then
v =
n∑
j=1
Hj(x1, . . . , xn)dxj,
where Hj(X1, . . . , Xn) ∈ F [X1, . . . , Xn], j = 1, . . . , n. Then
dv =
∑
i<j
(
∂Hj
∂Xi
− ∂Hi
∂Xj
)
(x1, . . . , xn)dxi ∧ dxj.
SinceΩ2FG/Z is the free FG-module with basis dxi ∧ dxj, 1 ≤ i < j ≤ n, then dv = 0 if and only if
∂Hj
∂Xi
= ∂Hi
∂Xj
, 1 ≤ i < j ≤ n. (4.1)
We can write H1(X1, . . . , Xn) in the following
H1(X1, . . . , Xn) =
pl1−1∑
i=0
Qi(X2, . . . , Xn)X i1,
with Qi ∈ F [X2, . . . , Xn]. Letw =∑pl1−2i6≡−1 mod p(i+ 1)−1Qi(x2, . . . , xn)xi+11 . Then
v − dw = H ′1(x1, . . . , xn)dx1 +
n∑
j=2
H ′j (x1, . . . , xn)dxj,
where H ′1 =
∑
i≡−1 Qi. Since d(v − dw) = dv − ddw = 0, then v − dw ∈ Z1, by (4.1) we have
∂H ′1
∂Xj
= ∂H
′
j
∂X1
, 2 ≤ j ≤ n. (4.2)
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Suppose H ′j (X1, . . . , Xn) =
∑pl1−1
i=1 Qji(X2, . . . , Xn)X
i
1, j ≥ 2 then by (4.2)
∑
i≡−1 mod p
∂Qi(X2, . . . , Xn)
∂Xj
X i1 =
pl1−1∑
i=1
iQji(X2, . . . , Xn)X i−11 .
By comparing the degree of X1 of the two polynomials above, we conclude that both sides are equal to 0, so we have
Qi(X2, . . . , Xn) = Pi(Xp2 , . . . , Xpn ), i ≡ −1 mod p
H ′j (X1, . . . , Xn) = P ′j (Xp1 , X2, . . . , Xn), j = 2, . . . , n.
Now we have found v1 ∈ Z1 with v1 = v¯ in H1DR(FG), and
v1 =
(∑
i≡−1
Pi(x
p
2, . . . , x
p
n)x
i
1
)
dx1 +
n∑
j=2
P ′j (x
p
1, x2, . . . , xn)dxj.
Now using induction and repeating the above process we can eventually find vn ∈ Z1 such that vn = v¯ in H1DR and
vn =
n∑
i=1
(∑
j≡−1
Tij(x
p
1, . . . , x̂
p
i , . . . , x
p
n)x
j
i
)
dxi.
Obviously vn can be generated by S, S ⊆ Z1, S⋂ B1 = {0}, and S is an F-independent set sinceΩ1FG is an F-space with basis
{gdxi|g ∈ G, 1 ≤ i ≤ n}. So S is an F-basis of H1DR(FG). 
Corollary 4.4. Let F be as above, G an elementary abelian p-group with independent generators x1, . . . , xn. Then H1DR(FG) is an
n-dimensional F-vector space with basis {xp−1i dxi|1 ≤ i ≤ n}.
Proof. Since G is an elementary abelian p-group, Gpi = 1, i = 1, . . . , n. Now the conclusion follows immediately from
Theorem 4.3. 
Proposition 4.5. Let F and G be as in Theorem 4.3. Then the coboundary B1 of
(
Ω∗FG/Z, d
)
has basis S = {dg|g ∈ G− Gp} as an
F-vector space.
Proof. Suppose x ∈ FG, then x = H(x1, . . . , xn), where H(X1, . . . , Xn) is a polynomial in F [X1, . . . , Xn]. Thus dx =∑n
i=1
∂H
∂Xi
(x1, . . . , xn)dxi. Hence dx = 0 if and only if ∂H∂Xi = 0, 1 ≤ i ≤ n. This implies H(X1, . . . , Xn) = H1(X
p
1 , . . . , X
p
n ) for
some polynomial H1(X1, . . . , Xn). If g1, . . . , gm ∈ G− Gp,∑mi=1 fidgi = 0, fi ∈ F , that is d (∑mi=1 figi) = 0, so
m∑
i=1
figi = H ′(xp1, . . . , xpn), H ′ ∈ F [X1, . . . , Xn].
We conclude that fi = 0, 1 ≤ i ≤ m, S is an F-independent set. Obviously B1 is generated by S, now the proposition is
proved. 
Theorem 4.6. Suppose F is a finite field of odd prime characteristic p, G is an elementary abelian p-group with independent
generators g1, . . . , gn. Set ϕm,r : Ω1FG/Z → K2
(
FG[t]/(tmpr+1), (t)) , (m, p) = 1, r ≥ 1. Then Kerϕm,r has basis S =
{dg, gp−1i dgi|g ∈ G− {1}, 1 ≤ i ≤ n} as an F-vector space.
Proof. By Theorem 4.3, Kerϕm,r ⊆ 〈S〉, where 〈S〉 is the F-vector space generated by S. By Lemma (1.10) in [3],
{dg|g ∈ G− {1}} ⊆ Kerϕm,r . Since f : K2
(
FG[t]/(tmpr+1), (t))→ K2 (FG[t]/(tmpr+1)) is injective and
f ◦ ϕ(gp−1i dgi) = f (〈gp−1i tmp
r
, gi〉) = {1− tmpr , gi} = {1− tmpr−1 , 1} = 1,
it implies that 〈S〉 ⊆ Kerϕm,r . Thus Kerϕm,r = 〈S〉. The independence of S follows from Proposition 4.5. 
Theorem 4.7. Let F be a finite field of odd prime characteristic p, G is an arbitrary finite abelian p-group. Let S˜ =
{apl−1da, gpr−1dg |0 ≤ l < r, g ∈ G, gpr = 1}, then 〈S˜〉 ⊆ Kerϕm,r .
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Proof. By Theorem 2.5 in [3], Dr,FG = 〈apl−1da|a ∈ FG, 0 ≤ l < r〉 ⊆ Kerϕm,r . Since f : K2
(
FG[t]/(tmpr+1), (t)) →
K2(FG[t]/(tmpr+1)) is injective, and
f ◦ ϕm,r(gpr−1dg) = f (〈gpr−1tmpr , g〉)
= {1− gpr tmpr , g}
= {(1− gtm)pr , g}
= {1− gtm, gpr }
= {1− gtm, 1} = 1.
Thus gp
r−1dg ∈ Kerϕm,r , so 〈S˜〉 ⊆ Kerϕm,r . 
Remark. For an arbitrary finite abelian p-group G, we guess that Kerϕm,r is generated by {apl−1da, gpr−1dg|a ∈ FG, 0 ≤ l <
r, g ∈ G, gpr = 1}. By Theorem 4.6, this is true when G is an elementary abelian p-group.
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